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Gravitational waves in Poincare´ gauge gravity theory
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Russian Academy of Sciences, B. Tulskaya 52, 115191 Moscow, Russia
We derive the exact gravitational wave solutions in a general class of quadratic Poincare´ gauge
gravity models. The Lagrangian includes all possible linear and quadratic invariants constructed
from the torsion and the curvature, including the parity odd terms. The ansatz for the gravitational
wave configuration and the properties of the wave solutions are patterned following the corresponding
ansatz and the properties of the plane-fronted electromagnetic wave.
PACS numbers: 04.50.-h, 04.20.Jb, 04.30.-w
I. INTRODUCTION
Einstein’s general relativity (GR) theory used the
beautiful and powerful methods of differential geometry
to describe the gravitational phenomena in terms of the
geometrical properties of the four-dimensional spacetime
manifold. Technically, the metric structure and the Rie-
mannian curvature formed the core of GR as a theory of a
macroscopic gravitational field. Later, it was recognized
that the three other physical interactions (electromag-
netic, weak and strong) can also be geometrized by mak-
ing use of the Yang-Mills gauge-theoretic approach, and
a natural question arose whether the gravity theory can
be consistently formulated in the the gauge framework.
The answer is not that simple as it might appear at the
first sight. The subtle point is that the Standard Model
is based on the fundamental symmetry groups acting in
the internal spaces, whereas the gravity is obviously re-
lated with the symmetry of the spacetime itself. In Ein-
stein’s GR, the central role is played by the group of the
local spacetime translations (diffeomorphisms), which is
directly reflected in the fact the corresponding transla-
tional Noether current –the energy-momentum tensor– is
the physical source of the gravitational field, see [1]. At
the same time, the Poincare´ group (a semidirect prod-
uct of the Lorentz group times the group of translations)
plays a significant role in the theoretical high energy
physics: recall that the elementary particles are classi-
fied by mass and spin in the representation theory of the
Poincare´ group.
Not surprisingly, the Poincare´ group underlies the de-
velopment of the gauge theory of gravity [2–5]. There
is a general belief that the gauge gravity model may
correctly describe the gravitational phenomena at micro-
scopic scales (and, likewise, at an early stage of universe’s
evolution), whereas GR arises as a certain macroscopic
limit of the Poincare´ gauge gravity. Indeed, it was shown
very early [6–9] that a viable extension of GR based
on the Poincare´ group can be constructed, in which the
energy-momentum and spin currents arise as the sources
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of the gravitational field. The corresponding Riemann-
Cartan spacetime geometry is characterized by a nontriv-
ial torsion which is coupled to spin current, along with
the metric coupled to the energy-momentum current.
This is perfectly consistent with the semidirect structure
of the Poincare´ group, and the Noether-Lagrange for-
malism identifies the energy-momentum tensor (“trans-
lational” Noether current, corresponding to the group of
translations) and the tensor of spin (“rotational” cur-
rent, corresponding to the Lorentz group) with the two
physical matter sources of the Poincare´ gauge field. The
principle of the local invariance relates the existence of
the gauge fields to the corresponding Noether currents.
The early history of the theory of gravity with tor-
sion includes the development by E´lie Cartan of the first
gravitational model [10] which then inspired Einstein so
much in his search for a unified field theory (see the
historic account in [11]). Weyl, Einstein, Eddington,
Schro¨dinger, Cosserats, and Kroener et al [12] made sig-
nificant progress in a further understanding of the non-
Riemannian geometries and contributed to the develop-
ment of the physical theories based on such generalized
geometries. The relation of the torsion (more generally,
of the Riemann-Cartan geometry of a spacetime manifold
with curvature and torsion) to the gravitational physics
is now well understood in the framework of the Poincare´
gauge theory [3–8]. The Einstein-Cartan gravitational
theory [2, 9], as the closest viable extension of GR, agrees
with physical observations on the macroscopic scales, and
in particular it is consistent with all classical gravity ex-
perimental tests within the Solar System. The contact
spin-torsion interaction is responsible for the deviation
from GR on the microscopic scales in the high energy
particle experiments with polarized matter and for the
modification of early stages of cosmological evolution at
extremely high densities of matter.
In this paper we discuss the plane gravitational waves
with nontrivial torsion and curvature for the class of the
Poincare´ gauge gravity models with the general Yang-
Mills type quadratic Lagrangian. Waves belong to the
most fundamental physical phenomena, and a system-
atic study of the corresponding solutions potentially con-
tributes to the development of a field-theoretic model un-
der consideration. Therefore, the construction and com-
2parative analysis of the wave solutions in different gravi-
tational models is an important task which can clarify the
physical contents of the model and the relations between
the microscopic and macroscopic gravitational theories
(in particular, between the general relativity, Poincare´
gauge gravity and the metric-affine gravity).
The plan of the paper is as follows. In Sec. II we
present a condensed introduction to the Poincare´ gauge
gravity theory. Only the basic definitions are given and
the main structures are described, whereas the details
of the gauge approach in the gravitational theory can
be found in the relevant literature [2–5]. In Sec. III we
recall the properties of a plane-fronted electromagnetic
wave and use this to formulate the appropriate ansatz
for the gravitational wave in the Poincare´ gauge gravity.
The properties of the resulting curvature and torsion 2-
forms are investigated. In Sec. IV the set of differential
equations for the wave variables is derived. Although
the original field equations of the Poincare´ gauge theory
are highly nonlinear, the variables that describe wave’s
profile satisfy a system of linear equations of Helmholtz
and/or screened Laplace equations. Solutions of this sys-
tem are investigated. Finally, the conclusions are out-
lined in Sec. V.
Our basic notation and conventions are consistent with
[3]. In particular, Greek indices α, β, · · · = 0, . . . , 3, de-
note the anholonomic components (for example, of a
coframe ϑα), while the Latin indices i, j, · · · = 0, . . . , 3,
label the holonomic components (dxi, e.g.). The anholo-
nomic vector frame basis eα is dual to the coframe basis
in the sense that eα⌋ϑ
β = δβα, where ⌋ denotes the inte-
rior product. The volume 4-form is denoted η, and the η-
basis in the space of exterior forms is constructed with the
help of the interior products as ηα1...αp := eαp⌋ . . . eα1⌋η,
p = 1, . . . , 4. They are related to the θ-basis via the
Hodge dual operator ∗, for example, ηαβ =
∗(ϑα ∧ ϑβ).
The Minkowski metric gαβ = diag(+1,−1,−1,−1).
II. POINCARE´ GAUGE GRAVITY: CRASH
COURSE
The gravitational field is described by the coframe
ϑα = eαi dx
a and connection Γα
β = Γiα
βdxi 1-forms. The
translational and rotational field strengths read
Tα = Dϑα = dϑα + Γβ
α ∧ ϑβ , (1)
Rα
β = dΓα
β + Γγ
β ∧ Γα
γ . (2)
As usual, the covariant differential is denoted D.
The gravitational Lagrangian 4-form
V = V (ϑα, Tα, Rα
β) (3)
is (in general) an arbitrary function of the geometrical
variables. Its variation reads
δV = δϑα ∧ Eα + δΓα
β ∧ Cαβ
− d
[
δϑα ∧Hα + δΓα
β ∧Hαβ
]
. (4)
Here, as usual, we introduce the Poincare´ gauge field mo-
menta 2-forms
Hα := −
∂V
∂Tα
, Hαβ := −
∂V
∂Rαβ
, (5)
define the 3–forms of the canonical energy–momentum
and spin for the gravitational gauge fields:
Eα :=
∂V
∂ϑα
, Eαβ :=
∂V
∂Γαβ
= −ϑ[α ∧Hβ] , (6)
and ultimately find the variational derivatives with re-
spect to the gravitational field potentials
Eα :=
δV
δϑα
= −DHα + Eα, (7)
Cαβ :=
δV
δΓαβ
= −DHαβ + E
α
β . (8)
Diffeomorphism invariance yields the Noether identities
Eα ≡ eα⌋V + (eα⌋T
β) ∧Hβ + (eα⌋Rβ
γ) ∧Hβγ , (9)
D Eα ≡ (eα⌋T
β) ∧ Eβ + (eα⌋Rβ
γ) ∧ Cβγ , (10)
whereas the local Lorentz invariance results in the
Noether identity
2DCαβ + ϑ
α ∧ Eβ − ϑβ ∧ E
α ≡ 0 . (11)
A. Gravitational field equations: general case
Quite generally, we describe matter by the set of p-
forms ψA (we do not need to specify the value of p and
the range of the indices A,B, . . . which label components
of matter variables).
The field equations for the system of interacting matter
ψA and gravitational fields ϑα and Γα
β are derived from
the total Lagrangian
V (ϑα, Tα, Rα
β) +
1
c
L(ψA, DψA, ϑα, Tα, Rα
β). (12)
Independent variation with respect to ψA, ϑα and Γα
β
yields
δL
δψA
=
∂L
∂ψA
− (−1)pD
∂L
∂(DψA)
= 0 , (13)
Eα =
1
c
Tα , (14)
Cαβ =
1
2
S
α
β . (15)
The matter currents in (14) and (15) are the canonical
energy-momentum 3-form and the canonical spin density
3-form of matter. They are given by
Tα := −
δL
δϑα
= −
∂L
∂ϑα
−D
∂L
∂Tα
, (16)
cSαβ := − 2
δL
δΓαβ
= (ρAB)
α
βψ
B ∧
∂L
∂(DψA)
−ϑα ∧
∂L
∂T β
+ ϑβ ∧
∂L
∂Tα
− 2D
∂L
∂Rαβ
. (17)
3B. Einstein-Cartan model
The Einstein-Cartan theory is based on the Hilbert-
Einstein Lagrangian
VHE =
1
2κc
ηαβ ∧R
αβ . (18)
Here κ =
8πG
c4
is Einstein’s gravitational constant.
For the Lagrangian (18) we find from (5), (6) and (9):
Hα = 0, H
α
β = −
1
2κc
ηαβ , (19)
Eα =
1
2κc
ηαβγ ∧R
βγ , Eαβ = 0. (20)
As a result, Eα =
1
2κc
ηαβγ ∧R
βγ and Cαβ =
1
2κc
ηαβγ ∧
T γ , and hence the Einstein-Cartan field equations read
1
2
ηαβγ ∧R
βγ = κTα, η
α
βγ ∧ T
γ = κcSαβ. (21)
C. Quadratic Poincare´ gravity models
The torsion 2-form can be decomposed into the 3 ir-
reducible parts, whereas the curvature 2-form has 6 ir-
reducible pieces. Their definition is presented in Ap-
pendix A.
The general quadratic model is described by the La-
grangian 4-form that contains all possible quadratic in-
variants of the torsion and the curvature:
V =
1
2κc
{(
a0ηαβ +
1
ξ
ϑα ∧ ϑβ
)
∧Rαβ
−Tα ∧
3∑
I=1
[
aI
∗((I)Tα) + aI
(I)Tα
]}
−
1
2ρ
Rαβ ∧
6∑
I=1
[
bI
∗((I)Rαβ) + bI
(I)Rαβ
]
. (22)
The Lagrangian has a clear structure: the first line is
linear in the curvature, the second line collects torsion
quadratic terms, whereas the third line contains the cur-
vature quadratic invariants. Furthermore, each line is
composed of the parity even pieces (first terms on each
line), and the parity odd parts (last terms on each line).
The dimensionless constant ξ is called a Barbero-Immirzi
parameter, and the linear part of the Lagrangian – the
first line in (22) – describes what is known in the litera-
ture as the Einstein-Cartan-Holst model.
There was considerable interest in the gravity mod-
els with parity odd Lagrangians, especially in cosmology,
during the recent time: see [14–22], e.g.
The Lagrangian contains sets of coupling constants: ρ,
a1, a2, a3 and a1, a2, a3, b1, · · · , b6 and b1, · · · , b6. The
overbar denotes the constants responsible for the par-
ity odd interaction. We have the dimension [
1
ρ
] = [~],
whereas aI , aI , bI and bI are dimensionless. More-
over, not all of these constants are independent: we take
a2 = a3, b2 = b4 and b3 = b6 because some of terms in
(22) are the same:
Tα ∧ (2)Tα = T
α ∧ (3)Tα =
(2)Tα ∧ (3)Tα, (23)
Rαβ ∧ (2)Rαβ = R
αβ ∧ (4)Rαβ =
(2)Rαβ ∧ (4)Rαβ , (24)
Rαβ ∧ (3)Rαβ = R
αβ ∧ (6)Rαβ =
(3)Rαβ ∧ (6)Rαβ .(25)
whereas Tα ∧ (1)Tα =
(1)Tα ∧ (1)Tα and R
αβ ∧ (1)Rαβ =
(1)Rαβ ∧ (1)Rαβ and R
αβ ∧ (5)Rαβ =
(5)Rαβ ∧ (5)Rαβ . One
can prove these relations directly from the definitions
(A1)-(A3) and (A4)-(A9).
For completeness, we included the dimensionless con-
stant a0. This allows for the special case a0 = 0 of
the purely quadratic model without the Hilbert-Einstein
linear term in the Lagrangian. In the Einstein-Cartan
model (18), one puts a0 = 1.
For the Lagrangian (22) from (5), (6) and (9) we derive
the gauge gravitational field momenta
Hα =
1
κc
3∑
I=1
[
aI
∗((I)Tα) + aI
(I)Tα
]
, (26)
Hαβ = −
1
2κc
(
a0 η
α
β +
1
ξ
ϑα ∧ ϑβ
)
+
1
ρ
6∑
I=1
[
bI
∗((I)Rαβ) + bI
(I)Rαβ
]
, (27)
and the canonical energy-momentum and spin currents
of the gravitational field
Eα =
1
2κc
(
a0 ηαβγ ∧R
βγ +
2
ξ
Rα
β ∧ ϑβ
)
+
1
2
[
(eα⌋T
β) ∧Hβ − T
β ∧ eα⌋Hβ
]
+
1
2ρ
[
(eα⌋Rβ
γ) ∧ hβγ −Rβ
γ ∧ eα⌋h
β
γ
]
, (28)
Eαβ =
1
2
(Hα ∧ ϑβ −Hβ ∧ ϑ
α) . (29)
For convenience, we introduce the following 2-forms
which are linear functions of the torsion and the the cur-
vature, respectively, by
hα = κcHα =
3∑
I=1
[
aI
∗((I)Tα) + aI
(I)Tα
]
, (30)
hαβ =
6∑
I=1
[
bI
∗((I)Rαβ) + bI
(I)Rαβ
]
. (31)
By construction, the former object has the dimension of
a length, [hα] = [ℓ], whereas the latter 2-form is obvi-
ously dimensionless, [hαβ ] = 1. It is straightforward to
evaluate Eα = −DHα + Eα and C
α
β = −DH
α
β + E
α
β .
The resulting Poincare´ gravity field equations (14) and
4(15) then read
a0
2
ηαβγ ∧R
βγ +
1
ξ
Rα
β ∧ ϑβ
+ q(T )α + ℓ
2
ρ q
(R)
α −Dhα = κTα, (32)
a0 η
α
βγ ∧ T
γ +
1
ξ
(Tα ∧ ϑβ − Tβ ∧ ϑ
α)
+ hα ∧ ϑβ − hβ ∧ ϑ
α − 2ℓ2ρDh
α
β = κcS
α
β .(33)
We introduced here the following 3-forms which are
quadratic in the torsion and in the curvature, respec-
tively:
q(T )α =
1
2
[
(eα⌋T
β) ∧ hβ − T
β ∧ eα⌋hβ
]
, (34)
q(R)α =
1
2
[
(eα⌋Rβ
γ) ∧ hβγ −Rβ
γ ∧ eα⌋h
β
γ
]
. (35)
The former object carries the dimension of length [q(T )α ] =
[ℓ], and the latter one has the dimension of the inverse
length, [q(R)α ] = [1/ℓ].
The contribution of the curvature square terms in the
Lagrangian (22) to the gravitational field dynamics in the
equations (32) and (33) is characterized by the parameter
ℓ2ρ =
κc
ρ
. (36)
Since [
1
ρ
] = [~], this new coupling parameter has the
dimension of the area, [ℓ2ρ] = [ℓ
2].
III. GRAVITATIONAL WAVES IN POINCARE´
GAUGE GRAVITY
Gravitational waves are of fundamental importance in
physics, and recently the purely theoretical research in
this area was finally supported by the first experimental
evidence [23, 24]. A general overview of the history of
this fascinating subject can be found in [25–27].
The plane-fronted gravitational waves represent an im-
portant class of exact solutions which generalize the basic
properties of electromagnetic waves in flat spacetime to
the case of curved spacetime geometry. The extensive
investigations of these solutions in Einstein’s general rel-
ativity have a long and rich history, see, e.g., [28–60].
Various generalizations of plane-fronted wave solutions
were reported for the Poincare´ gauge gravity [61–66], for
the teleparallel gravity [67], for the generalized Einstein
theories [68–70], for supergravity [71–75], as well as, more
recently, for the superstring theories [76–82]. The higher-
dimensional generalizations of the gravitational wave so-
lutions were discussed, in particular, in [83–87]. More-
over, it was discovered [88–96] that gravitational plane
wave solutions are also admitted in the metric-affine the-
ory of gravity (MAG) with the propagating torsion and
nonmetricity fields.
A. Electromagnetic plane wave
The key for the description of a plane wave on a space-
time manifold is the null shear-free geodetic vector field
ki:
kik
i = 0, kj∇jk
i = 0. (37)
The plane electromagnetic wave is given by the field
strength tensor Fij that solves the Maxwell equations
and satisfies
kjFij = 0, k[iFjk] = 0, FijF
ij = 0. (38)
In exterior language, the wave 1-form k = dϕ arises
from the phase function ϕ, and the wave covector is kα =
eα⌋k. The properties (37) and (38) are then recast into
k ∧ ∗k = 0, k ∧ ∗Dkα = 0, (39)
k ∧ ∗F = 0, k ∧ F = 0, F ∧ ∗F = 0. (40)
The actual form of the wave configurations depends on
the Lagrangian of the electromagnetic field. For exam-
ple, in Maxwell’s theory in the flat Minkowski spacetime
(specializing to the case eαi = δ
α
i ,Γi
αβ = 0) the electro-
magnetic plane wave is given by
F = k ∧ a, or Fij = kiaj − kjai. (41)
Here the wave covector ki is constant, and the polariza-
tion 1-form a (covector ai) depends only on the phase
ϕ = kix
i: ai = ai(ϕ). Polarization 1-form satisfies the
orthogonality relation
k ∧ ∗a = 0, or kiai = 0. (42)
One can check that Maxwell’s equations dF = 0 and
d∗F = 0 (∂jF
ij = 0, and ∂[jFkl] = 0) are satisfied, and
the field invariants are trivial FijF
ij = 0, ηijklFijFkl =
0.
In a similar way, we expect that a plane gravitational
wave is described by the corresponding gravitational field
strength, the curvature 2-form Rαβ , with the properties
k∧∗Rαβ = 0, k∧Rαβ = 0, Rαβ∧∗Rρσ = 0, (43)
generalizing (40). In components, Rαβ =
1
2
Rij
αβ dxi ∧
dxj :
kjRij
αβ = 0, k[iRjk]
αβ = 0, Rij
αβRijµν = 0.
(44)
This is in a close analogy to (38).
B. Plane wave ansatz in gauge gravity
Let us now describe the plane wave ansatz in Poincare´
gauge gravity. As a first step, we divide the local co-
ordinates into two groups: xi = (xa, xA), where xa =
5(x0 = σ, x1 = ρ) and xA = (x2, x3). Hereafter the indices
from the beginning of the Latin alphabet a, b, c... = 0, 1,
whereas the capital Latin indices run A,B,C... = 2, 3.
The coframe 1-form is chosen as
ϑ0̂ =
1
2
(U + 1)dσ +
1
2
dρ, (45)
ϑ1̂ =
1
2
(U − 1)dσ +
1
2
dρ, (46)
ϑÂ = dxA, A = 2, 3. (47)
Here U = U(σ, xA). As a result, the line element reads
ds2 = dσdρ+ Udσ2 − δABdx
AdxB . (48)
It is common to use the so-called null (or semi-null)
Minkowski metric for the discussion of the gravita-
tional waves. We, however, throughout this paper
make use of the standard diagonal metric gαβ =
diag(+1,−1,−1,−1).
Following the analogy with the electromagnetism, we
now introduce a crucial object: the wave 1-form k. We
define the latter as
k := dσ = ϑ0̂ − ϑ1̂. (49)
By construction, we have k∧ ∗k = 0. As before, the wave
covector is kα = eα⌋k. Its (anholonomic) components
are thus kα = (1,−1, 0, 0) and k
α = (1, 1, 0, 0). Hence,
this is a null vector field, kαk
α = 0.
For the local Lorentz connection 1-form, we assume
Γα
β = k
(
kαW
β − kβWα
)
, (50)
where the new vector variable Wα = Wα(σ, xA). In ad-
dition, we assume the orthogonality
kαW
α = 0. (51)
This is guaranteed if we choose
Wα =
{
W a = 0, a = 0, 1,
WA =WA(σ, xB), A = 2, 3.
(52)
Here W 2(σ, xB) and W 3(σ, xB) are the two unknown
functions.
In other words, the ansatz for the Poincare´ gauge
potentials – coframe (45)-(47) and connection (50) –
is described by the three variables U = U(σ, xB) and
WA = WA(σ, xB). These functions determine wave’s
profile and their explicit form should be found from the
gravitational field equations.
One immediately verifies that the wave 1-form is
closed, and the wave covector is constant:
dk = 0, dkα = 0, Dkα = 0. (53)
Taking this into account, we straightforwardly compute
the torsion and the curvature 2-forms:
Tα = − k ∧ kαΘ, (54)
Rα
β = − k ∧
(
kαΩ
β − kβΩα
)
, (55)
where we introduced the 1-forms
Θ :=
1
2
dU +Wαϑ
α, (56)
Ωα := dWα. (57)
The differential d acts in the transversal 2-space spanned
by xA = (x2, x3):
d := ϑAeA⌋d = dx
A∂A, A = 2, 3. (58)
Although the geometry of the transversal 2-space
spanned by xA = (x2, x3) is fairly simple, it is conve-
nient to describe it explicitly. It is a flat Euclidean space
with the volume 2-form η =
1
2
ηABϑ
A ∧ ϑB = dx2 ∧ dx3,
where ηAB = − ηBA is the 2-dimensional Levi-Civita ten-
sor (with η23 = 1). The volume 4-form of the spacetime
manifold then reads η = ϑ0̂ ∧ϑ1̂ ∧ ϑ2̂ ∧ϑ3̂ =
1
2
k ∧ dρ∧ η.
For the wave 1-form we find the remarkable relation
∗k = − k ∧ η. (59)
We will denote the geometrical objects on the transversal
2-space by underlining them; for example, a 1-form φ =
φAϑ
A. The Hodge duality on this space is defined as
usual via ∗ϑA = ηA = eA⌋η = ηABϑ
B . With the help of
(59), we can verify
∗(k ∧ φ) = k ∧ ∗φ. (60)
The new objects (56) and (57) have the obvious prop-
erties:
k ∧ ∗Θ = 0, k ∧ ∗Ωα = 0, kαΩ
α = 0. (61)
In accordance with (52), we have explicitly: Ωa = 0 (a =
0, 1) and
Θ = ϑA
(
1
2
∂AU − δABW
B
)
, ΩA = ϑB∂BW
A.
(62)
Applying the transversal differential to (56), and making
use of (57), we find
dΘ = Ωα ∧ ϑ
α. (63)
In essence, this is equivalent to the Bianchi identity
DTα = Rβ
α ∧ ϑβ which is immediately checked by ap-
plying the covariant differential D to (54) and using (55).
Let us discuss the properties of the torsion and the
curvature for the wave ansatz (45)-(47) and (50). To
begin with, it is worthwhile to notice that the 2-forms of
the gravitational Ponicare´ gauge field strengths (54) and
(55) have the same structure as the electromagnetic field
strength (41) of a plane wave. Indeed, we have
Tα = k ∧ aα, Rαβ = k ∧ aαβ , (64)
where aα = − kαΘ and aαβ = − 2k[αΩβ] play the role
of the gravitational (translational and rotational, respec-
tively) “polarization” 1-forms, in complete analogy to the
6polarization 1-form a in (41). Similarly to (42), the po-
larization 1-forms satisfy the orthogonality relations
k ∧ ∗aα = 0, k ∧ ∗aαβ = 0, (65)
kαa
α = 0, kαa
αβ = 0. (66)
Clearly, the gravitational field strengths of a wave have
the properties
k ∧ ∗Tα = 0, k ∧ ∗Rαβ = 0, (67)
k ∧ Tα = 0, k ∧Rαβ = 0, (68)
Tα ∧ ∗T β = 0, Rαβ ∧ ∗Rρσ = 0, (69)
in complete analogy to the electromagnetic plane wave
(40).
In addition, however, the gravitational field strengths
satisfy
kα T
α = 0, kαR
αβ = 0, (70)
in view of (61).
C. Irreducible decomposition of gravitational field
strengths
It is straightforward to find the irreducible parts of
the torsion and the curvature. One can prove that the
second (trace) and third (axial trace) irreducible parts of
the torsion are trivial, (2)Tα = 0 and (3)Tα = 0, whereas
(1)Tα = Tα = − k ∧ kαΘ. (71)
At the same time, the curvature pieces (3)Rαβ = (5)Rαβ =
(6)Rαβ = 0, and for I = 1, 2, 4:
(I)Rαβ = 2 k ∧ (I)Ω[αkβ], (72)
where (1)Ωα + (2)Ωα + (4)Ωα = Ωα, and explicitly we find
(1)Ωα =
1
2
(
Ωα − ϑαeβ⌋Ω
β + ϑβeα⌋Ωβ
)
, (73)
(2)Ωα =
1
2
(
Ωα − ϑβeα⌋Ωβ
)
, (74)
(4)Ωα =
1
2
ϑαeβ⌋Ω
β . (75)
The transversal components of these objects are con-
structed in terms of the irreducible pieces of the 2×2 ma-
trix ∂BW
A: symmetric traceless part, skew-symmetric
part and the trace, respectively. Using (62), we derive
(I)ΩA = (I)ΩAB ϑ
B, with
(1)ΩAB =
1
2
(
∂BW
A + ∂AWB − δ
A
B ∂CW
C
)
, (76)
(2)ΩAB =
1
2
(
∂BW
A − ∂AWB
)
, (77)
(4)ΩAB =
1
2
δAB ∂CW
C . (78)
One can demonstrate the following properties of these
1-forms:
ϑα ∧
(1)Ωα = 0, ϑα ∧
(2)Ωα = ϑα ∧ Ω
α, (79)
ϑα ∧
(4)Ωα = 0, eα⌋
(1)Ωα = − eα⌋Ω
α, (80)
eα⌋
(2)Ωα = 0, eα⌋
(4)Ωα = 2eα⌋Ω
α, (81)
kα
(1)Ωα = −
1
2
k eα⌋Ω
α, kα
(2)Ωα = 0, (82)
kα
(4)Ωα =
1
2
k eα⌋Ω
α, k ∧ ∗(2)Ωα = 0, (83)
k ∧ ∗(1)Ωα = − k ∧ ∗(4)Ωα = −
1
2
kα ϑβ ∧
∗Ωβ . (84)
IV. FIELD EQUATIONS
We now finally turn to the analysis of the quadratic
Poincare´ gauge model with the general Lagrangian (22).
We however assume the vanishing cosmological constant.
Gravitational wave solutions for the case of a nontrivial
cosmological constant require a special investigation.
Substituting the torsion (71) and the curvature (72),
into (30) and (31), we find
hα = − kαZ, hαβ = − 2k[αZβ], (85)
where we introduced the 2-forms
Z = a1
∗(k ∧Θ) + a1 k ∧Θ, (86)
Zα =
∑
I=1,2,4
[
bI
∗
(
k ∧ (I)Ωα
)
+ bI k ∧
(I)Ωα
]
. (87)
Making use of (61) and (79)-(84) we can show that
k ∧ hα = 0, k ∧ ∗hα = 0, kαh
α = 0, (88)
k ∧ hαβ = 0, k ∧ ∗hαβ = 0, kαh
αβ = 0. (89)
As a result, substituting (85) into (34) and (35), we find
q(T )α = 0, q
(R)
α = 0. (90)
With an account of the properties (88) and (89), one can
check that
Dhα = dhα, Dhαβ = dhαβ . (91)
The transversal nature of Θ and ΩA leads to a further
simplification. In particular, using (60), we recast (86)
and (87) into
Z = k ∧ Ξ, ZA = k ∧ ΞA, (92)
where we have introduced the 1-forms
Ξ = a1
∗Θ+ a1Θ, (93)
ΞA =
∑
I=1,2,4
[
bI
∗(I)ΩA + bI
(I)ΩA
]
. (94)
Although for a = 0, 1 the components Za are nontrivial,
they are irrelevant. Indeed, one can verify that (a, b =
0, 1 and A,B = 2, 3)
hab = 0, hAB = 0, haB = − k ∧ ka ΞB, (95)
and consequently Za does not enter the field equations.
7A. Wave equations
After all these preparations, we are in a position to write down the gravitational field equations for the quadratic
Poincare´ gauge model. Substituting the gravitational wave ansatz into (32) and (33), we derive in vacuum (without
matter sources, Tα = 0 and S
α
β = 0)
− kα k ∧
{
a0 ϑβ ∧
∗Ωβ −
1
ξ
ϑβ ∧ Ω
β + dΞ
}
= 0, (96)
ka k ∧
{
(a0 + a1)ϑB ∧
∗Θ+
(1
ξ
+ a1
)
ϑB ∧Θ− 2ℓ
2
ρ dΞB
}
= 0. (97)
Note that in the second field equation (33), the [ab] and [AB] components are satisfied identically, and only the mixed
[aB] components give rise to (97). This is completely consistent with (95).
Making use of (93) and (63), with an account of the traversal nature of Ωα, we bring (96) and (97) to the form
a0 ϑA ∧
∗ΩA −
(1
ξ
+ a1
)
ϑA ∧ Ω
A + a1 d
∗Θ = 0, (98)
(a0 + a1)ϑ
A ∧ ∗Θ+
(1
ξ
+ a1
)
ϑA ∧Θ− 2ℓ2ρ dΞ
A = 0. (99)
Both equations are 2-forms on the 2-dimensional transversal space spanned by xA = (x2, x3), and thus (98) and
(99) is a system of three partial differential equations for the three variables U = U(σ, xB) and WA = WA(σ, xB).
Substituting (62), we recast (98) and (99) into the final tensorial form
(a0 + a1) ∂AW
A −
(1
ξ
+ a1
)
ηAB∂AWB −
a1
2
∆U = 0, (100)
(a0 + a1)
(1
2
∂AU −WA
)
−
(1
ξ
+ a1
)
ηAB
(1
2
∂BU −WB
)
+ ℓ2ρ
{
− (b1 + b2)∆WA + (b2 − b4) ∂A∂BW
B
+(b1 − b2)
(
∂Aη
BC∂BWC + ηAB∂
B∂CW
C
)}
= 0. (101)
Here ∆ = δAB∂A∂B is the 2-dimensional Laplacian on the transversal space, and we denote WA = δABW
B and
∂A = δAB∂B.
The system (100)-(101) always admits a nontrivial so-
lution for the arbitrary quadratic Poincare´ gauge model
with any choice of coupling constants. There are some
interesting special cases.
B. Torsionless gravitational waves
The torsion (54) vanishes when Θ = 0 which is realized
for
WA =
1
2
δAB∂BU. (102)
Substituting this into (100), we find
a0
2
∆U = 0, (103)
whereas (101) reduces to
ℓ2ρ ∂
B
{
−(b1 + b4)δAB ∆U + (b1 − b2) ηAB ∆U
}
= 0.
(104)
Accordingly, we conclude that the well-known torsion-
less wave solution of GR with the function U satisfying
the Laplace equation is an exact solution of the generic
quadratic Poincare´ gauge gravity model. This is consis-
tent with our earlier results on the torsion-free solutions
in Poincare´ gauge theory [13, 14].
Moreover, the torsionless wave (102)-(103) represents
a general solution for the purely torsion quadratic class
of Poincare´ models, since this is the only configuration
admitted by the system (100)-(101) for bI = bI = 0.
C. Teleparallel gravitational waves
The curvature (55) vanishes for Ωα = 0 which is real-
ized when Wα = Wα(σ) is independent of the transver-
sal coordinates. Such a solution only exists in a class
of Poincare´ gauge models restricted by the conditions on
the coupling constants
a0 + a1 = 0,
1
ξ
+ a1 = 0. (105)
8The system (100)-(101) then reduces to
a1
2
∆U = 0, (106)
Accordingly, the metric structure turns out to be the
same for the torsionless and teleparallel gravitational
wave solutions.
D. Torsion gravitational waves
The torsion-free ansatz (102) can be generalized to
WA =
1
2
(
δAB∂BV + η
AB∂BV
)
, (107)
with V 6= U . Substituting this into (100) and (101), we
derive
(a0 + a1)∆V +
(1
ξ
+ a1
)
∆V − a1∆U = 0,(108)
∂A
{
(a0 + a1)(U − V )−
(1
ξ
+ a1
)
V
− ℓ2ρ
[
(b1 + b4)∆V + (b1 − b2)∆V
]}
− ηAB∂
B
{
(a0 + a1)V +
(1
ξ
+ a1
)
(U − V )
+ ℓ2ρ
[
(b1 + b2)∆V − (b1 − b2)∆V
]}
= 0.(109)
As a result, we obtain the system of the three linear
second order differential equations for the three functions
U, V, V :
(a0 + a1)∆V +
(1
ξ
+ a1
)
∆V − a1∆U = 0, (110)
ℓ2ρ
[
(b1 + b4)∆V + (b1 − b2)∆V
]
− (a0 + a1)(U − V ) +
(1
ξ
+ a1
)
V = 0, (111)
ℓ2ρ
[
(b1 + b2)∆V − (b1 − b2)∆V
]
+(a0 + a1)V +
(1
ξ
+ a1
)
(U − V ) = 0. (112)
The structure of (110)-(112) suggests that it is more con-
venient to work with the set of variables (U − V ), V, V .
This is a coupled system of Helmholtz or screened
Laplace equations and it can be straightforwardly solved.
Since this is a linear system, solution can be sought in
the form
 U − VV
V

 = eiqAxA

 U0 − V0V0
V 0

 , (113)
with constant qA. Of course, in the end one should take
the real part of (113). Depending on whether qA’s are real
or imaginary, one finds oscillating or exponentially de-
caying/growing configurations. Substituting the ansatz
(113), into (110)-(112), we derive an algebraic system for
the constant parameters:


−a1 a0
1
ξ
+ a1
−(a0 + a1) −Q
2(b1 + b4)
1
ξ
+ a1 −Q
2(b1 − b2)
1
ξ
+ a1 Q
2(b1 − b2) a0 + a1 −Q
2(b1 + b2)



 U0 − V0V0
V 0

 = 0, (114)
where we denoted q2 := δABqAqB and introduced dimensionless Q
2 := q2ℓ2ρ. A nontrivial solution exists when the
determinant vanishes, which yields a quadratic equation for Q2:
AQ4 + BQ2 + C = 0, (115)
where the coefficients read explicitly
A = − a1
[
(b1 + b4)(b1 + b2) + (b1 − b2)
2
]
, (116)
B = (a0 + a1) [a1(b1 + b4)− a0(b1 + b2)]
+
(1
ξ
+ a1
)2
(b1 + b4)− 2a0
(1
ξ
+ a1
)
(b1 − b2), (117)
C = a0
[
(a0 + a1)
2 +
(1
ξ
+ a1
)2]
. (118)
The resulting set of the gravitational wave solutions
encompasses both oscillating and exponentially decay-
ing/growing profiles, the form of which is fully deter-
mined by the structure of the gravitational Lagrangian
9(in technical terms, by the values of the coupling con-
stants).
In particular, for the class of the Yang-Mills type
models with the purely curvature quadratic Lagrangians
(with the trivial coupling constants a0 = 0,
1
ξ
= 0,
aI = 0, and aI = 0), the system (110)-(112) yields
∆V = 0, ∆V = 0, (119)
whereas U is an arbitrary function.
V. DISCUSSION AND CONCLUSION
In this paper we have derived the plane-fronted gravi-
tational waves for the class of the Poincare´ gravity mod-
els with the most general Lagrangian (22) which includes
all possible linear and quadratic invariants of the tor-
sion and the curvature. Both, the parity even and the
parity odd terms are taken into account. The exact so-
lutions are obtained by making use of the properties of
the electromagnetic plane waves. We demonstrate the
existence of the torsion-free wave configurations of Ein-
stein’s GR (which reduce to the gravitational plane waves
in the Brinkmann-Rosen form), as well as gravitational
waves with the propagating torsion. The latter are char-
acterized, in general, by the three profile wave variables
U, V, V which satisfy the coupled system of the Helmholtz
or screened Laplace equations. The form of the wave pro-
file depends on the values of the coupling constants en-
tering the Lagrangian: in physical terms, on the particle
spectrum of the corresponding Poincare´ gravity model
[19–22].
The Lagrangian (22) can be further generalized if we
add the cosmological constant term. However, already
in GR the construction of the gravitational waves for the
case of a nontrivial cosmological constant represents a
difficult problem [87], and one needs a special investiga-
tion of this case for Poincare´ gravity theory. Recently,
the existence of the generalized Vaidya and Siklos grav-
itational waves was demonstrated in three and four di-
mensions [97–100]. These solutions belong to a class of
waves different from those considered in the present pa-
per. The plane waves in the Poincare´ gravity theory with
a nontrivial cosmological constant were reported in [101].
The plane gravitational waves are of fundamental im-
portance in general relativity; it is worthwhile to recall
that any Riemannian spacetime has a plane wave struc-
ture in a certain limit [41]. In the framework of the gauge
approach to gravity, the spacetime geometry becomes
more complicated and it is thus of considerable inter-
est to explore the possibility of extension of the general-
relativistic results to the case of the non-Riemannian ge-
ometry. The systematic analysis presented here demon-
strates the existence of a direct generalization of the
plane waves from general relativity to the Poincare´ grav-
ity theory. The new exact solutions have all the ba-
sic properties of electromagnetic and general-relativistic
gravitational plane waves. The results obtained are valid
for the widest possible class of quadratic models which
suggests their further adaptation and application in the
modified gravity models with Lagrangians arbitrarily de-
pending on the curvature and the torsion.
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Appendix A: Irreducible decomposition of the
torsion and curvature
The torsion 2-form can be decomposed into the three
irreducible pieces, Tα = (1)Tα + (2)Tα + (3)Tα, where
(2)Tα =
1
3
ϑα ∧ (eν⌋T
ν), (A1)
(3)Tα =
1
3
eα⌋(T ν ∧ ϑν), (A2)
(1)Tα = Tα − (2)Tα − (3)Tα. (A3)
The Riemann-Cartan curvature 2-form is decomposed
Rαβ =
6∑
I=1
(I)Rαβ into the 6 irreducible parts
(2)Rαβ = − ∗(ϑ[α ∧Ψβ]), (A4)
(3)Rαβ = −
1
12
∗(X ϑα ∧ ϑβ), (A5)
(4)Rαβ = −ϑ[α ∧ Φβ], (A6)
(5)Rαβ = −
1
2
ϑ[α ∧ eβ]⌋(ϑγ ∧Wγ), (A7)
(6)Rαβ = −
1
12
W ϑα ∧ ϑβ , (A8)
(1)Rαβ = Rαβ −
6∑
I=2
(I)Rαβ , (A9)
where
Wα := eβ⌋R
αβ , W := eα⌋W
α, (A10)
Xα := ∗(Rβα ∧ ϑβ), X := eα⌋X
α, (A11)
and
Ψα := Xα −
1
4
ϑαX −
1
2
eα⌋(ϑ
β ∧Xβ), (A12)
Φα :=Wα −
1
4
ϑαW −
1
2
eα⌋(ϑ
β ∧Wβ). (A13)
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